INTRODUCTION
Consider a drop of a viscous, incompressible fluid under the influence of some exterior force density f. A stationary flow inside the drop can be described by the Navier-Stokes system together with the boundary conditions As usual, v = (vl, v2, v3) = v (x), denotes the velocity, p = p (x) the pressure, and v > 0 is the kinematic viscosity. The unknown domain occupied by the fluid is called Q, its boundary ~; n is the outer normal to E, and ti, t2 span the tangent plane.
With T being the stress tensor, D = (D1, D2, D3), the dynamical boundary conditions in (2) state that the fluid cannot resist tangential stresses. Equation (3) governs the free boundary: E adjusts itself such that the fluid's normal stress equals . the given pressure po which is assumed to be constant throughout ' The volume 1 Q of the drop is prescribed, too; after a suitable transformation we can always obtain ' In this paper we prove the existence of classical solutions to the free boundary problem (1) - (3) Remark. -The solution established in this theorem can be interpreted as perturbation of a classical equilibrium figure Eo of a rotating liquid. Although Eo is the trivial solution, namely the unit sphere, which provides an equilibrium figure for zero angular velocity, the method of proof is based to a large extend on results for more general equilibrium figures. Therefore we can cover also other geometrical configurations by the same approach; the details are given in paragraph 6 .
To motivate our method of proof we compare the problem (1)-(3) with related free boundary problems for the Navier-Stokes equations. The time-dependent analogue to (1)-(3) was solved by Solonnikov [14] . He used the transformation with XeQ(O), where Q(t) is the (unknown) domain occupied by the fluid at time t; V denotes the velocity as a function of Lagrangian variables, i. e. the velocity of a particle at time t that was initially at X E SZ (o). By (9) the domain U Q(t) can be mapped onto the space-time cylinder orT SZ (4) x (o, T) which is a known domain since the initial datum Q(0) is given. As the unknown V is contained in (9) the transformation leads to a highly nonlinear system; however, the kinematical boundary condition for v. n is automatically satisfied, and hence the Navier-Stokes equations with four conditions on As a reduction to a boundary value problem on a fixed domain seems not to be available we will apply successive approximations. This method turned out to be useful in the related free boundary problem for stationary viscous flows where surface tension governs the free boundary, cf [1] ; then (3) has to be replaced by where H denotes the mean curvature of E, and K= Const. is the coefficient of surface tension. To solve (1), (2) , (10) we construct a sequence f v", p", ~n ~n 1, where (vn, pn) is the solution to the equations of motion (1), (2) in the domain that is bounded by En _ 1, and 1:n can be determined from ( 10) (2) .
Vol. 4 , n° 6-1987. nonlinear operator N (~) will be discussed in paragraphs 2, 4 , where we will also show that the solvability of ( 12) Remark. -We note that it is also possible to choose a domain Qĩ nstead of Qo which belongs to the solution zo of ( 14) , such that Q, and all quantities defined on it, are represented by functions on Here Q~ is defined by a 1-to-1 mapping If we call the transformation from Q to Q~ again a, the structure of the equations (25)- (35) [7] , where the integral equation (31) (13 Remark. -This procedure should be compared with the ones of Rabinowitz [13] and Kato [4] [17] together with the side condition Vol. 4 , n° 
ESTIMATES FOR LICHTENSTEIN'S INTEGRAL EQUATION
The integral equation ' with the side condition that the volume included by ç is prescribed can be solved for small data ~ cp by successive approximation, cf e. g. Lichtenstein [5] , pp. 14 ff. Again we take some OT as reference domain with boundary E~ of class C3 +~. We now prove some estimates for solutions of (70) we need later to apply the implicit function theorem.
Vol. 4 , n° Proof. -All MacLaurin and Jacobi ellipsoids for which (73) has in addition to ~1, ... , ~6 from above other eigensolutions have been characterized by Ljapounoff [8] , paragraphs 34 and 78. On M the first one with nontrivial eigensolutions is the ellipsoid corresponding to the critical value of the angular velocity at which the Jacobi family branches off. [3] where also the properties we need are proved for the case of Holder spaces Cm + ~', 1: let w : K -~ R be a function defined on a compact set K c IR which is of class ~' ( K) (~ Ca 
Then there is a mapping S: 8'(K) with the following properties, cf [4] , Theorem A. 10:
The introduction of Sa given in [3] (7) . Under this condition the flow and the domain occupied by the fluid has the same (4) The nonlinearity N (~) satisfies this condition always, as the discussion of the bifurcation equations in Lichtenstein [6] shows. The situation here is similar to the one studied in [6] , pp. 76-78; the only difference lies in the fact that the exterior field then is explicitely given whereas in our case n. T. n involves the solution itself.
(5) For a further discussion see also [1] , [2] .
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A FREE BOUNDARY PROBLEM symmetry properties as was shown for the equations of motion in [2] and [17] ; the corresponding property for the integral equation is known, cf. Lichtenstein [6] . Therefore theorem 1 is proved.
Remark. ( 6) . If we now apply some exterior force density h, it is conceivable that the configuration we get will be stationary only in a reference frame rotating with some other angular velocity that is not known a priori. Take for instance h = hl + h2 in the non-symmetric case where we choose hi to be the fictitious body force that corresponds to writing (v2, p2, ~2) in a frame that rotates with angular velocity and let h2~0 be such that the total torque exerted on the fluid body vanishes. This clearly produces a flow which is stationary in the reference system that rotates with angular velocity ~2 but non-stationary in the original frame. In such a problem the unknown angular velocity co for the appropriate coordinate system in which the solution is stationary can be determined by the equilibrium condition (g) The critical values for which bifurcation may occur are isolated, cf Ljapounov [8] .
We therefore can assume that there is no bifurcation in a possibly small neighborhood of 0)2.
Vol. 4 , n° 6-1987. Navier-Stokes equations with this type of side condition were studied by Weinberger [17] ; his results were used in the context of free boundary problem in [2] .
If we apply rotationally symmetric forces to E 1, vi, etc. there is no need to ask for a reference frame as above, because as long as the data share that symmetry the solution is stationary in any frame that rotates with constant angular velocity about the axis of symmetry. But also in this case it is more natural to work with an unknown frame and (86) as side conditions. When we estimate, as in (8) ( 13) , and let fo be the force ofself-attraction as in (6) . For Proof. -The only change with respect to Theorem 1 consists in formulating (and solving) the linearized Navier-Stokes equations in a coordinate system that rotates with an unknown angular velocity. Now our free boundary problem consists of (64), (65), (3) . Using Lemma 5 instead of Lemma 3 we proceed in the same way as before.
